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Abstract 

The effective mass rn-efj of the the Pauh-Fierz Hamiltonain with ultraviolet cut- 
off A and the bare mass m in nonrelativistic QED with spin 1/2 is investigated. 
Analytic properties of mgfj in coupling constant e are shown and explicit forms of 
constants ai(A/m) and a2(A/m) depending on A/m such that 

rrics/m = 1 + ai(A/m)e^ + a2[A/m)e^ + 0{e^) 

are given. It is shown that the spin interaction enhances the effective mass and that 
there exist strictly positive constants bi,b2,ci and C2 such that 



bi < lim ^ '^,/, ; < 62, -ci < lim , ' J < -C2. 
A^oo log(A/mj A^oo (A/mj^ 



In particular a2(A/m) does not diverges as ib[log(A/m)]^ but —{K/m}"^ 



1 Introduction 

One electron with the bare mass m interacting with a quantized radiation field carries 

a virtual cloud of photons. This virtual cloud enhances the bare mass m to an effective 
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1 INTRODUCTION 



mass nies > m. In this paper the effective mass is defined as the inverse of the Hessian 
of the ground state energy of the Hamiltonian at total momentum zero. The electron 
includes spin and the quantized radiation field has an infrared cutoff k and an ultraviolet 
cutoff A. We are interested in the asymptotic behavior of rrics as ultraviolet cutoff A 
goes to infinity. It is admittedly a subtle problem. Our contribution in this paper is to 
investigate the asymptotics of the fourth order of a coupling constant e of the effective 
mass meif . Although the purpose of this paper is to prove the same things as the spinless 
case estabhshed in [8], the result is completely different from it. In the spinless case its 
divergence is VX and in the present case A^ as A — > oo. 

It is proven in [1] that the authentic Pauli-Fierz model in non-relativistic QED can be 
derived from QED by a scaling limit. QED is renormalizable, and then the Pauli-Fierz 
model may be expected to be also renormalizable. In facts, there exists no fermion loop 
but only photon absorption-emission diagrams in the non-relativistic QED. Although 
QED is believed to be trivial after the renormalization, there is a strong belief that 
the Pauli-Fierz model with spin is renormalizable and the renormalized theory is non- 
trivial. Nevertheless we show that there exist divergences in higher order perturbation 
expansions, which cannot be removed by the conventional renormalization scheme. So it 
is inconceivable that the effective mass rries of the Pauli-Fierz Hamiltonian with spin can 
be renormalized in our procedure. 

In the spinless case, the order of the ground state energy = ^ ~i-^{n) of 

n=0 ^■ 

Pauli Fierz Hamiltonian with total momentum zero is identically zero, the inclusion of 
spin, however, presents that --£'(2) 7^ and it diverges like A^ as A goes to infinity. This 
divergence can be hidden as a constant to define a Wick product. It begins to appear, 
however, in the connected diagrams of higher orders. Since the Pauli-Fierz Hamiltonian 

before the scaling limit must have substantially many cutoffs which may be shielded by 
the scaling limit, the appearance of such divergences in higher order diagrams is not 
a contradiction. In fact without these cutoffs, the scaling limit would not exist. As a 
consequence £'(2) causes order of meg to include A^ divergence. 

The effective mass and the ground state energy of the Pauh-Fierz Hamiltonian are 
studied in e.g., [2, 3, 4, 6, 8, 7, 11, 12, 15]. We note that a precise grasp of the definition 
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of the effective mass iries is also a problem. Actually there are several ways to define 
the effective mass. Alternative definition of the effective mass is given in e.g., Lieb-Loss 
[12] and Lieb [11]. It is worth checking that both of definitions coincide with each others 
under some conditions, e.g., A ^ 1. Catto-Hainzl [3] expand the ground state energy of 
the Pauli-Fierz Hamiltonian with spin and without infrared cutoff up to e'^ order. Hainzl 
and Seiringer [6] give an exact form of the coefficient of order of the effective mass. 
Moreover other related work is Spohn [15] where upper and lower bounds of the effective 
mass of the Nelson model are studied. See also [16] for recent movement and progress in 
this field. 

Our results are summarized as follows: 

Theorem A (Analytic properties) The effective mass rries divided by the bare mass m, 
mca/m, is a function of and A/m, and analytic in for < cqo with some cqo > 
depending on A. 

Theorem B ((A/m) ^-divergence) Let 



"^"^ l + ai(A/m)e2 + a2(A/m)e^ + 0(e^). 



m 



Then there exist strictly positive constants bi and q, i — 1,2, such that 



ai(A/m) , , aoiA/m) 

b, < hm , ^;/. ; < 62, -ci < lim < -C2. 

A^oolog(A/mj A^oo [A/my 



Theorem C (Enhancement by spin) Let mgg'^'^^^ be the effective mass for the spinless 
Pauli-Fierz Hamiltonian. Then rries > rrf^'^^'^^^ follows for e with a sufficiently small |e| 
but ^ 0. 

Theorem A, B and C are converted to Corollary 2.2, Theorem 2.9 and Corollary 3.6, 
respectively. We organize the paper as follows: Section 2 is devoted to expanding rries up 
to e^. In section 3 the divergence of the forth order of rries is estimated. Finally in section 
4, some additional arguments on the scaling limit and open problems on this model are 
given. 
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1 INTRODUCTION 



1.1 Definitions of the non-relativistic QED 

Let J-' be the boson Fock space over L^(M^ x {1, 2}) given by 

oo 

•^^0K^'(k'x{1,2})], 

n=0 

where (g)" denotes the n-fold symmetric tensor product and C?)^L^(]R"^ x {1, 2}) = C. The 
Fock vacuum G JF is defined by Q = {1,0,0,..}. Let a(/), / G L^(R^ x {1, 2}), be the 
creation operator and a*(/), / G L^(R^ x {1, 2}), the annihilation operator on defined 

by 

D(a*(f)) = G ^1 f:(n + l)||5„+i(/® *("))|||„^.(«3,{i,2}) < ool , 

I n=0 J 

and a{f) — where Sn denotes the symmetrizer, D{X) the domain of operator X, 

and II • ||;c the norm on /C. The scalar product on /C is denoted by {f,g)ic which is linear 
in g and anti-linear in /. They satisfy canonical commutation relations: 

[a{f),a*{g)] = (/, ^)l^(k3x{i,2}), Hf),a{g)] = 0, [a*{f),a*{g)] = 0, 

where ^] = XY — YX. Formal kernels of a(/) and a*{f) are denoted by a{k,j) and 
a*{k,j), {k,j) G X {1,2}, respectively. Then we write as Z]j=i,2/ (^K^yj)fi^- j)'^'^ 
a»(/). The linear hull of {a*(/i) • • • a*(/„)0|/,- G L\R^x{l,2}),j > 0} is dense in JF. Let 
T : L2(m3) ^ l2(m3) be a self-adjoint operator. We define r(e^*^) by 

Thus r(e**"^) turns out to be a strongly continuous one-parameter unitary group in t, 
which implies that there exists a self-adjoint operator dT{T) on such that 

The self-adjoint operator dr{T) is referred to the second quantization of T. We define a 
Hilbert space H by 

7i = ® jr. 



1.1 Definitions of tlie non-relativistic QED 
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We identify H as 

oo 

7i = [c^ (8) ((g)^L2(M3 X {1, 2}))] = 



oo 



n=0 n=0 

s3 



The Pauli-Fierz Hamiltonian with total momentum p — (pi,P2,P3) £ ^ is given by a 
symmetric operator on Ti: 

2 
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where m > and e e M denote the mass and the charge of an electron, respectively, 
(7 = (cTi, (72, (Ja) the 2x2 Pauli-matrices given by 

^^^(l o)' '"^^(z o')' ^2^(o -l)' 

and the free Hamiltonian Hf, the momentum operator Pf and the quantum radiation field 
A^^ are given by 

^^a = ^T. f ^j^ei,ik,j){a*{k,j) + a{k,j))dk, /x = l,2,3. 
V2,=i,2-^ ^uj{k) 

Here e{k,j), j = 1, 2, denotes polarization vectors such that three vectors e{k, 1), e{k, 2), 
A;/|A;| form a right-handed system in M^, i.e., 

|e(A:,j)| = l, J = 1,2, e(A;, 1) • e(fc, 2) = 0, e(A;, 1) x e(fc, 2) = 

We fix polarization vectors, e.g., for k — {\k\ cos ^ cos 0, sin ^ cos 0, cos^), 

e{k, 1) = (— sin^, cos^, 0), e{k, 2) = (— cos ^ sin 0, — sin ^ sin 0, cos0), 

where < ^ < 27r, -tt/2 < cj) < tt/2. Note that e{-k, 1) = e{k, 1), e{-k, 2) = -e(A;, 2). 
Since 

[^f/x>^^J = -7k12 [ ^f^^ k^(^Ak,j){a*{k,j) - a{k,j))dk, 
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it follows that 

1 f 3 ] g 3 

Hm{e,p) = ^ 1 1 ® Eb/^ - - s^^m)' I + 1 - ^ E 

where denotes the quantum magnetic field given by 

= ^ E / -4=ik X e{k,j)),{a*{k,j) - a{k,j))dk. 

We simply write Hm{e,p) as 

1 e 
^m(e,p) = — (p - Pf - eA^)2 + iff - ^(^5^, P e R^- 

The spinless Pauli-Fierz Hamiltonian is given by 



which acts on {F. We assume that cp{k) = (p{k) = (p{—k) and 

{uj{k)-'^ + uj{k))\^{k)\^dk < oo. 



/m3 

Then H^{e,p) is self-adjoint on D{^Pf'^ + Hf) for (e,p) e R x such that |e| < e and 
|p| < p with some constants e and p. This is proven by the Kato-ReUich theorem and 
using the inequalities 

||a*(/)*||^ < ||//v^|U2(M3x{l,2})||/^f/'*||^+ ||/||l2(k3x{i,2})||*||^, 

||a(/)*||^ < \\f/M\LHM^x{i,2})\\Ht^'nr. 



1.2 Mass renormalization 



In what follows we set 



(f{k) = < 



0, |A;| < K, 

l/^{2nf, K<\k\<A, 
0, |A;| > A. 



(1.1) 



The effective mass — meff(e^, A, k, m) is defined by 

— — = ^Apinf (7(i?^(e,p))[p=o- 

meff 3 



1.2 Mass renormalization 
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Removal of the ultraviolet cutoff A through mass renormalization means to find sequences 
{m} and {A} such that A — > oo and m — > 0, and nies converges to some positive constant. 
To achieve this, we want to find constants P <0 and 6 > such that 

lim meff(e^ A, kA^, (6A)^) = mph, (1.2) 

A— >oo 

where > is a given constant. We will see later that mes/m is a function of e^, A/m 
and Ac/m. Set 

/(e^A/m,«:/m) = ^. (1.3) 
m 

The analysis of (1.2) can be reduced to find constants < 7 < 1 and < 60 < 00 such 
that 

f(e^. A/ III. H/m) , ,^ ^, 

hm . ' ' = bo. 1.4) 

A^oo (A/m)T ^ ^ 

If we succeed in finding constants 7 and 60 such as in (1.4), then, taking 

1-7 

we see that 

lim meff(e^. A, kA^, (6A)^) = lim bo ( ( — \ = Wi, 

where &i is a parameter, which is adjusted such as 60^1 — "^ph- Hence we will be able to 
establish (1.2). The mass renormalization is, however, a subtle problem, and unfortunately 
we can not yet find constants 7 and 60 such as in (1.4). It is proven that / is analytic in 
e with |e| sufficiently small under some conditions. Let us k > be fixed and set 



/(e^ A/m, K/m) = ^ an{K/m)e^'' 

n=0 

In the previous paper [8] it is proven that 



a2(A/m) a; \jA/m, A ^ 00, (1.5) 

for a spinless Pauli-Fierz Hamiltonian, where X Y means that there exist positive 
constants Xi and X2 such that 

xi < lim {X/Y) < X2. 

A— >oo 
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2 EFFECTIVE MASS AND ANALYTICITY 



(1.5) suggests that 7>l/2fore7^0, and that 7 is not analytic in e since 7 = for e = 0. 
We are interested in knowing the dependence of spin for the asymptotics of a2(A/m) as 
A — > 00. Although it is desirable that 7 < 1, actually in this paper we shall show that 

a2(A/m) -{K/mf, A ^ 00. 

This suggests that 7 > 2 and, then mass renormalization such as (1.2) may not work. 

2 Effective Mass and Analyticity 
2.1 Analytic properties 

Let 

Tm{e,p) = \{p -Pi- eA^J' + H, - ^aB^^, 

where 

0, |A;| < k/iti, 

(fi^{k) = (p{mk) = I l/-^(27r)3, k/tu < \k\ < A/m, (2.1) 

0, \k\ > A/m. 

Since A^ = mA^^, = mB^^, Hi = miff and Pf = mPf, where X denotes the 
unitary equivalence between X and Y , we see that 

H^{e,p)^mT^{e,p/m). (2.2) 

The set of operators J — (Ji, J2, <^) on 7i is defined by 

J^, = dT{{kx{-iVk))f^) + ^<J^, 1^=1,2,3. 

In [9] it is written informally as 

dT{{k X i-tVk))^) = -^J2^ a*{k,j){k x Vk)Ak,j)dk 

J =1,2"^ 

+i [ ^{a*(k,2)a(k,l) - a*(k,l)a(k,2)}dk. 
J \k\ 



Let n e with |n| = 1, ^ e M, and R = (Rixu) i<n,u<3 be the 3x3 matrix describing the 
rotation around n through angle 9. Since e(Rk,j) = Re{k,j) for k 7^ \k\n, j = 1,2, we 



2.1 Analytic properties 
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have 

v=l v=l 
3 3 

Hence 

In particular for p 7^ (0, 0,^3), 

gie,n,.Jy^(g^^)g-«e,n,.J ^ 1^1^^)^ (2.3) 

where 9p = arccos {(n^,p)/|p|}, = (0,0, 1), and Up = p x nz/\p x n^j. It is also seen 
that for p e M^, 

Tm{e, \p\nz) = Tm{e, -\p\nz). 

Then 

Hm{e,p)=mT^{e,{\p\/m)nz), pew^. 
Let :X: be the Wick product of X. We define 

H{e,e) =.Tm{e,enz):, e G M. 

Set 

£;(e,e) = mia{H{e,e)). 

Since 

2 

rm(e,en^) = //(e, e) + e2-||(^/V2^|||2(R3) 



and 



2 

inf a(Hm{e,p)) = inf a(mTm(e, (|p|/m)n^)) = m£;(e, |p|/m) - e^-m||(^/V2a;|||2(R3), 



we have 

rries 

Then it is also seen that m/rries depends on A/m and k/iti. We study : H{e,e) : for 
Hm{e,p) for simphcity. We set A = A^^ and B = B^^. 
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We review analytic properties of both of E{e, e) and a ground state of H{e, e). In [8] 
the two fold degeneracy of a ground state has been proven for the case where u!{k) — 



^J\k\'^ + u'^, u > 0, and k = 0. With a small modification of [8] we can also prove the two 
fold degeneracy of a ground state for our case, i.e., uj{k) = \k\ and k, > 0, and show its 
analytic properties. As is seen below in our case E{e, e) i s not an isolated eigenvalue and 
is degenerate. Then it is not clear that a ground state of H{e, e) and E{e, e) are analytic 
in e and e. Let 



We shall prove the following lemma. 

Lemma 2.1 There exist constants eg > and Cq > such that for (e, e) &T>a = {(e, e) G 
M^l |e| < Co, |e| < eo}, (1) the dimension of Ker(/J(e, e) — E{e^ e)) is two, (2) E{e, e) is an 
analytic function of and , (3) there exists a strongly analytic ground state of H{e,e). 

Prom this lemma the following corollary immediately follows. 

Corollary 2.2 Effective mass rUes is analytic of on {e e R^\e^ < cqq} with some 
eoo > 0. 

To prove Lemma 2.1 we need several lemmas. Let 





To = J'iL'iRl X {1, 2})), = T{L'{Rr X {1, 2})), 



where 



{k e K^l < k}. Then it follows that T^T>,®Tq and 



(2.4) 



where H,, 



■K 



<8) J^K- It is seen that H{e, e) is reduced by Hk- Let 



K{e,e)=H{e,e)U. 



Under the identification (2.4), we have 



H{e, e) ^ K{e, e) (g) 1^„ + 1«„ (i/f [^J. 



(2.5) 



Since a{Hf\jr^) = [0, oo), we have by (2.5), 



inf(7(X(e,e)) = E{e,e). 



2.1 Analytic properties 11 

Proposition 2.3 (1) It follows that 

mia,,,{K{e, \p\)) - mia{K{e, \p\)) > inf {E{e, \p - k\) + uj{k) - E{e, \p\)} . 

\k\>K 

In particular, assume that mf|fc|>^ {-^'(e, \p — k\) + u!{k) — E{e, \p\)} > 0. Then K{e, ±|p|) 
has a ground state in H.^. (2) The dimension of Ker {K{e,±\p\) — inf (T(i^r(e, ±|]9|)) is 
two. 

Proof: (1) and (2) follow in the similar manner to [5, Theorem 2.3] and [9], respectively. 
□ 

Since E{e,e) is continuous in (e, e), and E{e, \p — k\) + ui{k) — E{e, \p\) = \k\ for 
(e,p) = (0, 0) e M X M^, it is seen that 



|(e,p) e M X 
Thus by Proposition 2.3 we have the corollary. 



inf {E{e, \p - k\) + u{k) - E{e, |p|)} > ^ 0. 

k\>K I 



Corollary 2.4 There exist constants e* > and e* > such that K(e, e) has a two-fold 
ground state for (e, e) eVg = {(e, e) e ]R^||e| < e*, |e| < e*}. 

Let (^g_f;(e, e) e Hk be a ground state of K{e,e), i.e., K{e,e)ipg^K{^,e) = E{e,e)ipg^Ki^,e). 
Since 

e^en.-JH{e, eje"*^"--^ = H{e, e), 9e M^ 
and e'^"^'"^ is reduced by Hk, it follows that 

ei%/|p|)-Ji^(e^ e)e-ie(p/bl)-J ^ ^^^^ ^2.6) 

on Hk- Note that a{n^ ■ J) = Z1/2 = {±1/2, ±3/2, ....} and (T(n^ • J\hJ C Z1/2. Then 
K{e, e) and are decomposed as 

n,= K{e,e)= X,(e,e). 

26o-(n-J[HK) 2:G(T(n-J[-H„) 

Note that Ti-Kiz) is independent of e. Let 

X_(e,e) = X,(e,e), X+(e,e) =0 X,(e,e). 

z<-l/2 z>l/2 

Then 

ir(e, e) = K_{e, e) X+(e, e). 
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Lemma 2.5 Assume that (e, e) e Vg. Then K±{e, e) has a unique ground state </?g,K_|_(e, e) 
such that <y9g^K±(e,e) £ 7^k(±1/2), and mi a{K±{e,e)) — E{e,e) follows, i.e., 

Ker{K{e,e)- E{e,e)) 

= K(-l/2) n Ker(ir(e, e) - E(e, e))] © [7^.(1/2) n Ker(ir(e, e) - E(e, e))]. 
Proof: It is proven in the similar manner as [9, Theorem 1.2]. □ 

Lemma 2.6 For (e, e) e "Dp, vai(T{K±{e,e)) is an isolated eigenvalue. 

Proof: By Proposition 2.3, 5 = inf (7ess(-f^(e, e)) — \nla{K{e,e)) > 0, which imphes that 
inf (7ess(-f^±(e, e)) — inf (7(ir±(e, e)) > 5 > 0. Then the lemma follows. □ 

Now we are in the position to show analytic properties of tp^^^ on e. 

Lemma 2.7 There exist constants eo > and eo > such that </?§,«_!_(•) is strongly 
analytic, and E{-) analytic on T>a = {(e, e) G M^||e| < Cq, |e| < eo} C Vg. 

Proof: We write K{e,e) diS K{e,e) — Kq -\- Ki, where 

Ko = \{en,-P,f + H,, 

e 

Ki = -e(en, - Pf) • A + - --aB. 

For (e, e) with both of |e| and |e| sufficiently small, we see that 

< a||Xo*lk„ + bmn. (2.7) 

for \1' G D{Kq) with a < 1 and 6 > 0. It can be seen by (2.7), [14, p. 16 Lemma] and [14, 
Theorem XII. 9] that i^±(e, e) is an analytic family in the sense of Kato. Since E{e, e) is 
an isolated non-degenerate eigenvalue of K±{e,e) by Lemmas 2.5 and 2.6, (fg^i^_^{e,e) is 
strongly analytic in e, and E{e, e) analytic in e by [14, Theorem XII. 8]. Analyticity for e 
is also proven in the similar manner to e. Then the proof is complete. □ 

Under the identification H = ® ^o-, we define 



<^g±(e,e) = 99g,«^(e,e) ® n^. 



(2.8) 



2.2 Main theorem 
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where denotes the Fock vacuum in J^o. 
Proof of Lemma 2. 1 

Since H{e, e) — E{e, e) = {K{e, e) — E{e, e)) + l^-i^ ® {Hi [jr„) and the dimension of 
Ker(i^(e, e) — -E(e, e)) is two and that of Ker(iff [jc-y) is one, it follows that the dimension 
of Ker(iJ(e, e) — E{e, e)) is two. The analytic property of <^g_|_(-) follows from Lemma 2.7 
and (2.8). Thus the lemma is proven. □ 

Let e = and set 

oo gn 



n=0 ^! 



Lemma 2.8 There exists a strongly analytic ground state (Pg{e, 0) such that 

V{o) = (2.9) 
{^±,nn))H = 0, n= 1,2,3. (2.10) 
Proof: Let (pg{e,0) = <^g,„+(e,0) Since (/?_ e "^(-1/2) and (pg{e,0) e "^(1/2), (2.9) 
and (2.10) for </?_ follow. We shall prove (2.10) for </?+. Let /g(e) = ^ ^e" be an analytic 



n=o 



oo g„ 



function and set /g(e)</7g(e, 0) = ^ — <^(„). We can adjust a„ to satisfy {'fi±,<f{n))H — 

n=o ^■ 

for n = 1, 2, 3. Thus redefining ipg{e, 0) by fg{e)(pg{e, 0), we have (2.10). □ 



2.2 Main theorem 

By Lemma 2.1, m/rries is analytic in e near e = 0. Let 

oo 

rries/m = ^ a„(A/m)e^'*. 

n=0 

Theorem 2.9 There exist constants bi > 0, 62 > 0, ci > anc? C2 > such that 

W < hm -^^i^ < 62, (2.11) 
- A-oolog(A/m) - ' ^ ' 

-c, < lim < (2.12) 

A^oo [A/ my 

RemEirk 2.10 This theorem implies that a2{A/m) < for large A. Then the reader may 
think that this contradicts to the fact that mes > tti for > 0. However, the expansion 
is asymptotic and the leading term ai{A/m) is positive, then this negative sign is not a 
contradiction. 
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To prove this theorem we derive exact forms of a2(A/m) in the next section. 
2.3 Expansions 

In what follows we assume that ground state = satisfies (2.9) and (2.10). 

Let us define H, E and </7g by 



n=0 



H = H{e,0)^Ho + eHi + ^Hu, 



E = E{e,0) ^Ma{H), 
(fg = (pg{e,0) = -7<^(n), 



n=0 ^■ 



where 

Hu=:AA:^ A+A+ + 2A+A- + A" A" . 

Here we put 

^^-4^E f ^eik,j)a*{k,j)dk, A-^^Y. f ^e{k,j)a{k,j)dk. 
Lemma 2.11 It follows that £'(o) = £'(2m+i) = 0, m > 0, and 

^E^2) = (<^(o), V(i))7^ = -(<^{o), (-^) i^o ' (-^) <^(o))« 0. (2.13) 



Moreover 



(^(o)=<^+, (2.14) 

(^(1) = -iZ-^i/f V(o), (2.15) 

(^(2) = HQ\-Hum + 2//ii/o'^f V{o) + ^(2)¥'(o)), (2.16) 

99(3) = 3HQ^{-Hncp,^i) - Hi(p(^2) + £^(2)<^(i))- (2.17) 



In particular e (p(2) e ^^^^ anc? (/7(3) e ^^^^ © 



2.3 Expansions 
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Remcirk 2.12 Although Hq^ is an unbounded operator, (2.15)-(2.17) are well defined by 
the fact that 

D(H^') D {{*(")}^=o e -^finl = 0,supp,,«3„*(")(A;,j) ^ {0},j e {l,2}",n > l} . 

(2.18) 

Proof: It is obvious that £"(0) = 0, and by the unitary equivalence between H and H 
with e replaced by — e, E(2m+i) — follows. Let (f^ and E' be s — d(pg/de and dE/de, 
respectively, and $ e D{H). Then 

(i/*,(^g)H = £(*,(^g)H- (2.19) 
Take derivatives in e on the both sides of (2.19). Then we have 

(//'$, ipg)n + (//$, <^;)7i = E'{<^, + £;($, ¥^;)7i, (2.20) 
(//"$, (^g)« + 2(i/'$, ^'^)n + (i/*, ^;')h 

= E"($, <^g)^ + 2i?'($, <^;)w + i?($, v^^Ow, (2.21) 
(i/'"$, (^g)w + 3(i/"$, (^;)h + 3(i/'$, (^;')w + (^^*, 

= £;'"($, (^g)^ + 3£;"($, ip'^)n + 3£;'($, + ^(^, <')7i, (2.22) 

where H' ^ Hi + eHn and ii"" i^n. By (2.20) we see that ip'^ e D{H) with 

i/Vg + H^'^ = EVg + Eif'g. (2.23) 
By (2.21) and (2.22), we also see that ip'^ e D{H) and (/?^" e D(//) with 

i^Vg + 2ii'Vg + H^l = £^Vg + 2£^Vg + (2.24) 



H <pg + 3H"<p'^ + SH'cp'^ + Hip; = E ipg + ?,E"ip'^ + 3£;Vg + ^^V'g (2.25) 
From (2.24) it follows that 

(99g, if'VJw + ((^g, 2H'^'^)n + (<^g, i^Ow = ^"(<^g, ¥'g)H + (<^g, 2i?V;)H + (<^g, ^^Oh- 

(2.26) 

Put e = in (2.26). Then 

(¥'(o),-f^iiV^(o))w + (v^(o),2i/i92(i))H + {(P(o),Ho(P(^2))h = E(2){^{o),^{o))h- (2.27) 
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2 EFFECTIVE MASS AND ANALYTICITY 



Since the left-hand side of (2.27) equals to 2(</?(o), it follows that £'(2) = 

2((^(o),i/fV(i))H- By (2.23), (2.24) and (2.25) with e = 0, we have 

(2) 

Hi V(o) + Hoip(i) = 0, 

H\i<P{Q) + 2ifi(/7(i) + Ho(p(^2) — -E'(2)</^(o), 

3i?i(/7(2) + 3i?ii</7(i) + Ho(p(^3) = 3£'(2)9?(o). 

Then 

= -ifg^iff V(o) + + 

(^(2) = -HQ^{Hn(p(o) + 2i/iv?(i) - £(2)V^(o)) + aV+ + &V-> 
(/7(3) = Hq^{-3Hhp^2) - 3-ffii(^(i) + 3£;(2)(^(o)) + a'V+ + 

with some constants a, b, a', b', a" and b". Since we see that —Hq^Hi^^(P(^o) -L 
-ifo'(^ii<^(o)+2iJi<^(i)-£(2)^(o)) ^ andi/o'(-3i^i<^(2)-3i/ii<^(i)+3E(2)(^(o)) ± 
it follows that a = b = a' = b' = a" = b" = by (2.10). Then (2.15), (2.16) and (2.17) 
follow. Then the lemma is proven. □ 

Lemma 2.13 Let (p'^ = s-dipg{e, e)/de\e=o- Then {Pf + e^)^=3(^g e D{{H - E)''^) with 

ip'^^{H- E)-\P, + e^)^=3¥'g, (2.28) 

and 

n i'Ps^ + ^^h'Ps^ ^2 29) 

Proof: Since H{e,e)ipg{e,e) — E{e,e)(fg{e,e), in the similar manner as (2.23)-(2.25), we 
have 

H'ie, e)ipg{e, e) + Hie, e)^'^ie, e) = E'(e, e)<^g(e, e) + E(e, e)<^;(e, e), (2.30) 
H"{e, e)ipg{e, e) + 2H'{e, e)ip'^{e, e) + H{e, e)ip'^{e, e) 

= £;"(e, e)ipg{e, e) + 2£;'(e, e)^;(e, e) + E{e, e)(^;'(e, e) (2.31) 

where V?g(e, e) = s — d(pg{e, e)/de, H'{e, e) = — (Pf + 6^)3 and -/^"(e, e) = 0. Putting e = 
in (2.30) and (2.31), we see that 

{H - E)<p'^ = (Pf + eA)^=s<pg, (2.32) 
E"^g = {H- E)ifl + ifg- 2(Pf + 6^)39?;. (2.33) 



2.3 Expansions 
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Since m/rries — E" by (2.2), we have 

m ^ (y^g, E"ip^)u 

Thus the lemma follows from (2.32) and (2.33). □ 

Remark 2.14 Combining (2.29) with (2.28) we have 

m _ ^ , m + e-4)3y^g, {H - E)-\P, + eA)s^,)n _ ^3.34) 



Or, by a symmetry we can also express m/mes such as 

3 ((P, 4- pA\.m^ (n - F,\ ^ 

(2.35) 



m ^ 2 ^ ((Pf + eA)^ip^, {H - Ey\P, + eA)^ip^)n 



^es 3 (v9g, v?g;w 

Corollary 2.15 The effective mass satisfies that rUes > m for e 7^ but \e\ is sufficiently 
small. 

Proof: Since ((Pf + eA)^ip^, {H — P)"^(Pf + eA)^ipg)y^ > 0, it follows that rUes > m from 
(2.35). For e = 0, me« = m. Since mefr is analytic in e, the corollary follows. □ 

Theorem 2.16 The effective mass is expanded as 

= l-^ci(A/m)e2-^c2(A/m)e^ + C»(e^), (2.36) 



meff 3 

or 



1 + lc,{A/m)e' + (^C2(A/m) + Q\,{A/mf^ + (9(6^), (2.37) 



m 

Ci(A/m)^E(^(i)>^(o)^fi))>i, 



C2(A/m) ^ {(^f,),i^(2)Vl/f,))« - (^f,),^(o)Vl/f,))„(¥.(i),^(i))H + 2K(xI/;'2),%)*f^))^ 

+(*f2), ^(0)*f2))« + 23?(*f3), ^(0) ■ (2.38) 

Here 



^In) ^ {n\ + ^=1,2,3, /x=l,2,3, 



-^(0) = -f^o\ -^(1) = -Hq^HiHq^, H[2) = —^Hq^HiiHq^ + Hq^{HiHq^Hi- ^ — ^j)i?o\ 
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2 EFFECTIVE MASS AND ANALYTICITY 



Proof: We have 

/ X = 1 - e^(<^(i), <fw)n - e\^{(fi(^2),f{2))H + li^ii), f{3))n) + 0{e^) (2.39) 

and 

(Pf + eA),<p, = e*f,) + e^vl/f^) + e^M/J,) + C»(e^). (2.40) 
Note also that ^f^^ e ^^2) ^ J^^^^ and ^fg^ e J?^^^) © J?^^^). Let us set 

oo n 

<=E-r</'{n), /^ = 1,2,3. (2.41) 

n=0 

Substituting (2.39), (2.40) and (2.41) into (2.29), we have 

-2 .#.(3))« + i(>l>(2), fe)w + g(4(3),'/'(i))«} + ©(e'). (2.42) 

Then we shall see the explicit form of below. The identity 

{{H-E)^,ip'^)n = m + eA)s^,^,)n, ^ e D{H), (2.43) 

is derived from (2.32). Putting e = in (2.43), we have i?o0(o) = 0, which imphes that 
0(0) = ooV- + bo(p+ with some constants oo and bo- We differentiate both sides of (2.43) 
at e = 0. Then we have 

i7i0(o) + i?o0(i) = ^sV'Co) + PfsVii), 

{Hu - E(2))4>(0) + '2Hi4>(^i) + Hq4>(2) = 2^3¥'(i) + Pi3(p{2), 
3{Hii - £;(2))0(i) + 3i?i0(2) + i?O0(3) = 3>l3</7(2) + Pi3<P{3): 

from which it follows that 

0(1) = -f^0^(^3<^(0) + -Pf3<^(l) - -ffl0(O)) + OlV'- + bi^+: 

0(2) = i^o ^(2>l3</?(i) + Pf3(f{2) - 2i?i0(i)) + a2(p- + b2(fi+, 

0(3) = -f^o^(3^3V5(2) + ^£39^(3) - 3i/l0(2) - 3(iJii - E(2))0(i)) + tt'sif^ + bsip^, 



2.3 Expansions 
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where aj,bj, j — 1, 2, 3, are some constants. Then it is obtained that 

0(1) =i/0 

0(3) = i?o'(6*(3) - 6i^i^o'^(2) + mH,'H,H-,'^l) - 3{Hu - i^(2))^?i)) + i^s- 

Here 

it!2 = 2HQ^HiH'^^Hi(aoip- + &o</^+) - 2H'^^Hi(aiip^ + 6i</?+) + a2</?- + &2</?+, 
i?3 = -6H^'H,H,'H,Ho'Hj{aoip- + 6o<^+) + 3(i/ii - E(2))i/o '^il^oV^- + ^0^+) 

+6H^'HiH^'Hi{ai^_ + - 3i/o'(^ii - £^(2))(ai<^- + h^+) 

-3H^^Hi{a2ip- + b2ip+) + asip- + h(p+. 

It is directly seen that the contributions of constants Oq, bg, a^, 63 to (2.42) are 

{■^1),Ri)h = (*(1),^3)h = (*(2),^2)>i = (*?3),^i)h = 0. 

Then (2.42) coincides with (2.36) by a symmetry. Hence the lemma follows. □ 
We shall compute C2(A/m). We set 

H{o) = Hi, if(i) = H2 + H3, H{2) = H4 + H5 + Hq + Hy + Hs, 

where we put 

Hi = Hq^, H2 = -Hq^PjAHq^, = -Hq^ 



2 



-I 



Ha = ^H^\-Hu)H^\ H, = H^' mHo^ PiAH^\ 

H, = H^' H^'PiAH^\ Hr = H,* = H^'PiAH^' (-^) i^o', 



° \V 2; ° V 2; V 2 

We list groups of vectors by which (pg is expanded: 
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2 EFFECTIVE MASS AND ANALYTICITY 



<^(0), 



(^(3) = -3H^\-Hu)H^' (-^) <^(o) + 3H^'PiAH^'{-Hu)no) 



^0 





)¥'(0) 


2 y 


. 2 , 



From the above expressions of 93(1), ^{2)1 <^(3), it follows that for /i = 1,2, 3, 

6 16 
i=2 i=7 



where 



*f.,^-.-.-{(-f)-.-(-f)-(-^)).<o. 



^(5) = —P^.H^'P^AH^'aB+m 
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^(10) = -\Pi>^H-' -.AA: H^'aB+<p^o) 

= -Ipi,H,'PiAH,'AM+^^o) 
%2) = -IPi^H^'PfAH^'PfAH^'aB+cp^o) 

*&3) - Ip..SH-,^P.A2H-,^ { (-f ) i/o ^ (-^ - (-^) ) ^(0) 
= ^P,^H^'P,AH,'aB+H^'aB+ip^o) 

= -^Pi^H-^'aBH^'aB+H^'aB+cp^o) 
Remark 2.17 We give a remark on terms ^fe) ' *(9) ' "^(is) ' "^(le) • Since by (2.13) 

(...,.{(-f)i^'(-f)-(-^f)).,o,)«=0, 

we see that \ ( — —-\ Hq^ f — —\ — ( J I 99(0) is perpendicular to Thus we have 



2 

f)- (-^) } m = jaS*«o VSV,., e T^-K 



2 

Substituting i^i, and $^j^g^ into (2.38), we have the lemma below: 

Lemma 2.18 The coefficient C2(A/m) is given by 

3^ 2 8 2 2 2 

c2(A/m) = E (E E E + (E -^-w' ^1 E 
fi=i I j=i ^=4 i=i i=i ,=1 

6 2 6 6 16 2 ^ 

(E (i^2 + i^s) E ^&)« + (E ^1 E +(E ^1 E n))n -(2.44) 

«=3 j=l i=3 i=3 i=7 i=l J 

Prom (2.44) we see that C2(A/m) is decomposed into 76 terms. 
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3 ESTIMATES OF 38 TERMS 



2.4 Classification of the Divergent Terms 

Though wc have 76 terms of the form ($|^^^, iii C2(A/m), not all of them are 

important. Namely ($^^^, iif^^^^^)^ and its complex conjugate ($(*^), i7j^<l>^^))>^ appear 
and we take the real part of them. 

Lemma 2.19 /^/o/fou;s ^/la^ J2 = 0. 

(<i.^^j,Hm*;^^j)H contains 
odd number of o-b 

Proof: Let 7 = Ca^, where C stands for a complex-conjugacy operator on C'^ — 1, 
CJ — —JC, J — -\/— T. We choose </7(o) so that 7</?(o) = </'(o)- Then 7 is an anti- 
unitary operator such that 7(7^7* = cr^, 7^/i7* = 7-B;u7* = ^-^^d {'^■i4>)t — 
(70, 7^) jr. Thus terms containing odd number of aB are purely imaginary. Then the 
sum of contributions of terms containing odd number of aB is zero. The proof is complete. 
□ 

By this lemma it is enough to consider terms containing even number of crS's. Our 
results are summarized on the lists for C2(A/m) which consist of five groups. The columns 
of aB (resp. Pf, H^^) mean the number of aB (resp. Pf, H^^) in term ($^^^, 
In Tables 1-5, we exhibit only the terms containing even number of aB. On these lists, 
order means an upper or a lower bound for the leading divergent term of the expectation 
values ($(^), listed on the row. Note that they are one of [log(A/m)]^, ^A/m 

and {A/my. 

3 Estimates of 38 terms 

We classify these 38 terms into 3 types by the numbers of aB^s. Type I consists of terms 
which contain no aB and thus has been already calculated in [8]. Type II consists of 
terms which contain two cfi's and two A^j's. Finally Type III consists of terms which 
contain four crS's only, and diverges most strongly. 

3.1 Terms with four crB's or |^(2) 

Though the conventional power-counting theorem says that these 38 quantities diverge 
at most like [log(A/m)]^ as A — > oo, this does not work in some cases. The first violation 



Terms with four aB's or |-E(2) 



No. 


Term 


aB 


Pi 


^0^ 


Order 


(1) 




2 





3 


[log(A/m)]2 


(2) 


-{^'(2)^Hi^'(2))n{V{l),V{l))H 


4 


2 


5 


[log(A/m)]2 



Table 1: {EU^^^, H,EU^^^)n 



No. 


Term 


(75 






Order 


(1) 




2 





3 


[log(A/m) 


2 


(2) 




2 


2 


4 


[log(A/m) 


2 


(3) 




2 


2 


4 


[log(A/m)]2 


(4) 







2 


3 


+ yA/m 


(5) 




2 


2 


4 


-^A/m 


(6) 




2 


2 


4 


--^A/m 


(7) 




2 


4 


5 


+^A/m 


(8) 


($f6),^i^r6))« 


4 


2 


5 


[log(A/m)]2 


Table 2: (Eta ELs 


No. 


Term 




Pf 




Order 


(1) 










2 


[log(A/m) 


2 


(2) 


($f2),^4$r2))>i 


2 


2 


4 


[log(A/m)]2 


(3) 


($fl^,i/5$fl))w 





2 


3 


log(A/m) 


(4) 


($f2),i/5<ff2))« 


2 


4 


5 


[log(A/m)]^ 


(5) 


($f2)=^6$fi))w 


2 


2 


4 


[log(A/m) 


2 


(6) 


($f,),iJ6$f2))w 


2 


2 


4 


[log(A/m)]2 


(7) 


(«l>f2),i/7$fi))w 


2 


2 


4 


[log(A/m)]2 


(8) 


($f,^,iJ7$f2))w 


2 


2 


4 


[log(A/m)]^ 


(9) 


($f,),if8<l>f,))« 


2 





3 


[log(A/m)]2 


(10) 


($f2),^^8$r2))7i 


4 


2 


5 


[log(A/m)]^ 



Table 3: (Eii $f,), EL4 ELi ^fj^ 
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3 ESTIMATES OF 38 TERMS 



No. 


Term 


aB 




^0^ 


Order 


(1) 







2 


3 


log(A/m) 


(2) 




2 


2 


4 


[log(A/m)]2 


(3) 




2 


2 


4 


[log(A/m)]2 


(4) 




2 


4 


5 


^A/m 


(5) 




2 





3 


[log(A/m)]^ 


(6) 




2 


2 


4 


[log(A/m)]2 


(7) 




2 


2 


4 




(8) 




4 


2 


5 


-^A/m 



Table 4: (Eta ^fo' + ^3)(ELi *f,)))>i 



No. 


Term 


aB 


Pf 


^0^ 


Order 


(1) 










2 


[log(A/m)]2 


(2) 




2 





3 


[log(A/m)]2 


(3) 







2 


3 


= 


(4) 




2 


2 


4 


= 


(5) 


(^ri5)>^i^(i))H 


2 


2 


4 


= 


(6) 


($f3^,i/l$f2))7i 


2 


2 


4 


[log(A/m)]2 


(7) 


(^rio)>^i^r2))H 


2 


2 


4 


= 


(8) 




2 


1 


5 


[log(A/m,)]' 


(9) 


(*|u)-^1*|2))h 


2 


2 


1 


[l()g(A/„0]' 


(10) 




4 


2 


5 


-{A/mf 



Tables: {Elt^ ^"u), HiEli<^^.)n 



3.2 Lower and upper bounds 
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takes place in the region where two momenta ki e and k2 G of two photons have 
opposite directions and |A;i + A;2| becomes small. Such a violation yields ^Jhjm divergence, 
which is investigated in [9]. The second violation takes place when the integrand is far 
from symmetric; each term roughly speaking, has the form 

£ = f dkidk2\ki\-''\k2\~\ 

J K/ra<\ki\,\k2\<h-/ra 

where l<a, 1<6, a + 6 = 6 (see Appendix). Then 

ci[log(A/m)]^ <£ < C2{A/mf 

depending on a and b, with some constants Ci and C2. Thus we restrict ourselves to the 
most singular and complicated contributions of order e^, which come from the terms of 
type III and -E(2)/2. See Table 6. Note that -E(2)/2 ^ -{K/mf as A ^ cxo which may 
be, however, regarded as a subtraction needed to Wick order (— ^) (~^)' Actually 
all the term has no -E'(2)/2, but only contains it. 



Term 


aB 


Pi 




£0 = (<ffi),i/8$fi))w 


2 





3 


£:i = ($f6),^3$f2))w 


4 


2 


5 




4 


2 


5 


£:3-($f2),^8<^>f2))w 


4 


2 


5 


£:4=($f,6),i/l$f2))H 


4 


2 


5 



Table 6: Terms with four uB and E(2)/2 



3.2 Lower and upper bounds 

Lemma 3.1 The 35 terms except for £q, S3 and £4 satisfy that 

lim , < 00, 11 — 1,2, 3, 

^J^/m 

where {t,j,k)^ {1,8,1), {2,8,2), {16,1,2). 
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3 ESTIMATES OF 38 TERMS 



Though this lemma can be proven in principle in the similar manner to [9] , we sketch the 
outline of our calculations in the Appendix for the sake of the reader who may not be 
familiar with the perturbative calculations of the field theory. We recommend the reader 

to read the Appendix in advance. 

Remcirk 3.2 Each upper bound of ($^^^, is listed in Tables 1-5. We note that 

($^^^, i — 11, 13, 15 in Table 5 are automatically zero since PfA(f(^o) — ■^Pf'Pio) — 

0. Moreover (^('iq); -f^i^(2))'H — since the integrand is odd in momentum ki. 

We write down explicit forms of Sq, S3 and which contain most singular divergence: 
^0 = ^X:(^(o),A;i/o'|<^5^oVS-4(^-^j|i/o'A+^^^^ 



= ^ TAm, CTB-p,^{H^^faB-H-'aB+iH-')'P,^aB+^^o))n - J E,, 

£4 = -^{^(^o),<TB-{H^')'P^aB-H^^aB+H^'aB+if^o))n. 
Here we have used that the contribution from aB^HQ^aB~ in {■ ■ ■} in £1 and £3 vanishes, 
since cri?~i7o ^^^¥'(0) = and cri?~(i7o ^)^Pf^cri?"'"(^(o) = 0, and we put 

E \ ^ 

E, = Y.ino),MHo'?Kno))n, 

E, = j2im,^B;^iHo')'P'cTB;m)n- 



E{2) 



(A/my 



< 00, (2) 



Lemma 3.3 Asymptotic behaviors of Em, Ea and Ef, are (1) lim 

A— ►oo 

limA-^oo-Sa < 00, (3) limA^oo-Efc < 00. 
Proof: Let us express the expectation value of 2 x 2 matrix O with respect to by 

{o>.^((J).oQ). 



3.2 Lower and upper bounds 



27 



Using the pull-through formula etc. (see Appendix) , we see that 

^ _1 ^ / 1 {{a-[kxe{k,imE 

2,f^2^«/m<|fc|<A/m (27r)32u;(/t) \k\y2+\k\ 



-I 



A/m rr-'i 



dr. 



Stt^ JK/m r + 2 
Then (1) follows. (2) and (3) follow from 



lim \En\ < const, x / — —^dr < oo 



A^oo " ■ JK/m r{r + 2)2 

and 

1 

lim \Ej,\ < const, x / — —dr < oo. 

A^oo JK/m r[r + 2Y 

Thus the lemma is proven. □ 
Using formulae 

{a-p){a-q) = -{a ■ q){a ■ p) + 2{p, q) = {p,q)+ia- {p x q), {a ■ pf = \p\^, (3.1) 
{ki x e{kiJi),k2 X e(/i;2,4)) = (A;i, /c2)(e(A;i, £i), e(A;2, 4)) - (A;i, e(A;2,4))(A;2, e(/i;i,£i)), 

(3.2) 

E (A^-i,e(fc2,4))' = |A;i|'-(fci,^2)', ^ = fc/|fc| (3.3) 

^2=1,2 

and 

J2 m X e{k,,h), (fc2 X 6(^2,4))' = \ki\'\k2\\l + (^1, A;2)') 

€i,^2=l,2 

we can directly see that 

1 f 4|A;2|2 4|A;2p , (fci, fc2)(l + (fci, ^2)) 



c _ 1 / 1 4|fc2|^ 4|A;2|^ (fci,fc2)(l + (fci,fc2)) 

° 47 |A;i||A;2| U(A;i)2^(A;i,A;2) ^(A;i)2^(A;2) £(A;i)£(A;2)£(A;i, ^^2) J ^'^ 

16 J \ki\\k2\\s(ki)^£(kuk2) £{kiYS{k2) 



(-2|A;ip|fc2p(l - (fci, A;2)^) + (cT(fci, ^2))^) (fci, ^2) 
+ 8{k^)S{k2)S{k^Mf 

16 7 1^111^2! U(^i)^^(A;i,fc2) £(^1)4^(^2) 

-2|fcip|A;2p(l-(fci,fc2)^)(fei,fc2) l 
£(A;i)£(A;2)^(A;i,A;2)3 j' 



(3.5) 
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3 ESTIMATES OF 38 TERMS 



2 



(3.6) 



P / . 1 f Mh\^\k2\' 

' 16 J \mk2\ \S{h)^S{h,k2) 

(-2|A-,nA-,p(l-a-,.L)^) + (a(A-,.A-o))^)|A-, 
where / dkf{ki,k2) = / —^-^f{ki,k2)dkidk2 and 

£{ki,k2) = l-\ki + k2\^ + uj{ki) +Lj{k2). 

Moreover 

a{ki,k2) = J2 '^■[{ki X x {h x e(/i;2, •^2))]((A;i x e(A;i,£i)) • (/ca x e{k2,i2))- 

£1/2=1,2 

It is seen that 0"(/ci,/c2) = —cr{k2,ki), a{ki,k2) = cr{—ki,k2) and a{ki,k2) = o'{ki,—k2), 
from which it follows that 

/n 1 {ki,k2){a{ki,k2))E ^ ^ 

J \k,\\k2\s{ki)s{k2)s{k,,k2r ■ 

We used this fact in the computations of £^3. 

3.3 Origin of the Divergence of rueff 

The term £3 has the term —-E^2)Eb which diverges as (A/m)^ as A ^ 00. We intuitively 
see that this divergence is canceled in the way mentioned below. The first term of the 
integrand of S3 behaves as 

1 Mhl^lhl^ _ 1 32 



\ki\\k2\S{k^r£{ki,k2) Mk2\S{k,)^ 

for |/i;i|/|/i;2| ^ 1, and then 



(3.7) 



f 1 32 

J ./^^ ^A/^ \ki\\k.\£(k,)^'^^''^^' ^ ^^'"^ 



1 32 

v\\k2\S{k,] 

as A — > 00. On the other hand, this divergence is canceled by — -£^(2)£'b, since it has the 



|fcl|/|fc2l « 1 

1 

2' 



integral kernel 

1 4|fci|4 |A;2p 1 32 



\k^\\k2\£{k-iYS{k2) \k^\\k2\£{kif 
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for |A;i|/|A;2| <^ 1. Hence we shall see that £3 diverges as y^A/m but not (A/m)^. The 
divergence (A/m)^ of Sq is also canceled by —-Ei^2)Ea- The integrand of 84 has the 
same kernel as (3.7). The divergence — (A/m)^ of S4 coming from (3.7), however, remains 
without being subtracted. Then we obtain that £4 ~ — (A/m)^ as A — >• 00. The actual 
calculations of are done by this idea and straightforward. 

3.4 Proof of Theorem 2.9 

Lemma 3.4 There exist positive constants ci and C2 such that 

-ci < lim , f V < -C2. (3.8) 



Lemma 3.5 It follows that 
and 

Proof of Theorem 2. 9 
It is obtained that 



lim Y — ,f° < 00, (3.9) 

A^oo [log(A/m)]2 ^ ^ 

^3 

lim J — — — — --- < 00. (3.10) 

A^oo [log(A/m)]2 ^ ' 



ai{A/m) = (2/3)ci(A/m), 

a2(A/m) = (2/3)c2(A/m) + {2/3)^ci{A/m)^ (3.11) 
in Theorem 2.16. A direct calculation yields that 



ci(A/m) = ^{{A, + P,H^' {^^)^^^^^H-,\A, + P,H-,' (3.12) 



/i=i //=i 

^m(A;) 1 ,1 /■ ^m(A;) 2|A;p 



y 2f27r)3a;fA;)^|A;|2 + a;fA;) 4 7 2f27r 



2(27r)3a;(A;) ||A;|2 + a;(A;) 4 7 2(27r)3a;(A;) (||A;|2 + u;(A;))3 



.5 



An r^/"^ ^ I 4:71 r^/"^ r" 

Thus we have 

2 47r / r^/'^ r 1 r^l'^ r^ 



^'^^'"^^ ^ 3 (2^ U/"^ FT7^' ^ 4 A/. (FTTF^^ J ^'-''^ 
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and there exist positive constants bi and 62 such that 

6, < Ita < 6,. (3.14) 

A^oo log(A/m) ^ ^ 

Our analysis in Lemmas 3.1, 3.4 and 3.5 imphes that there exist constants ci and C2 such 
that 

-ci < hm \ ' — < -C2 

A^oo [K/my 

and 

A-*oo (A/m)2 
for (i, j, A;) 7^ (16, 1, 2). Thus by (2.44) we have 

-ci < hm / ' < -C2. (3.15) 

- A^oo (A/m)2 - ^ ^ ^ 

a2(A/m) 
-ci < hm < -C2 

A^oo [K/my 

foUows from (3.11), (3.14) and (3.15). □ 
Prom (3.12) we see that order of the effective mass, m^g'^'''^^, for the spinless Pauh- 

2 47r /-A/m ^ 

Pierz Hamiltonian is -- — — I ^— r dr. By (3.13) we have a corollary. 

3 (27rj JKjra 2^ ~l~ 

Corollary 3.6 It follows that rries > rn^^^'^^^ for e with a sufficiently small \e\ but ^ 0. 
Proof: We have 



Hence 



1 47r /"^Z™ 

r(ir > 0. 



^ / spinless \ 

^-^(meff - ) ^^^^ - g ^2^^3 ^^^^ ^^^2 + ,)3' 

Since mes — rrf^"^^^^ for e = and both of rries and rrf^"^^^^ are analytic in e^, the 

corollary follows. □ 



3.5 Proof of Lemmas 3.4 and 3.5 

To prove Lemmas 3.4 and 3.5, we prepare some notation. To estimate £i, i — 0,3,4, we 
introduce the polar coordinate (ri, 0, r2, ^^2, ^2), where = \ki\, i = 1,2, < 62 < n, 



3.5 Proof of Lemmas 3.4 and 3.5 
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< 02 < 27r, cos^ = (^1, k2), < ^ < TT, and < < 27r. We introduce 
7^ = 7^(rl, r2) = ^{rf + rl) + ri + r2. 
^± = ^±(n, r2) = 7^ ± rir2 = ^(ri ± + ri + r2 

Then £(A;i, A;2) = 7?.(ri, r2) + rir2 008 6*. We set 



/•TT 

/C = /C(ri,r2) = / 

JO 

/C = /C(ri,r2) = I 

Jo [TZ + rir2 cos Oy 



7^ + rir2 cos 6* 
(1 - cos^ 9) cos9 



rir2 sin 9d9, 
rir2 sin ^o?^. 



Then we have 



/C 



7^ + rlr2 

log — = log- , 

c_ 7c - rir2 



1 



rfrf 



3».3 



6rir2 + 



2rjr: 



- 37^1og 



from which it follows that ior ( = rir2/Tl < 1, 



/C(n,r2)=2 5: 



n=0 



2n + 1 



(3.16) 



By the Taylor expansion of /C(ri, = /C(ri,ri/x) and 2rir2/£^(r2) = Ax{l + {2x/ri)) ^ 
by a; = ri/r2 (note that C = 2x — 4{l + r^^)x'^ + 0{x^)), we have for ri/r2 < 1 and ri 3> 1, 

A „.l 



/C(ri,r2) = Ax--x' + (- + 0(-))x-' + 0(x^), 
ri 6 ri 

„4 



2rir2 



4x - + ^x^ + C(^). 



S{r2) ri 
Prom (3.17) and (3.18) it follows that for ri/r2 < 1 and ri » 1, 



1 , , r? 



2rir2 

8^) ^ '3^^V^rl-^rr 



= (- + 0(-))4 + (^(^). 



(3.17) 
(3.18) 

(3.19) 



}C{ri,r2) - 
3.5.1 Proof of Lemma 3.5 

Proof: For notational simplicity we set m = k = 1. Replacing {ki, k2) by |/i;i||A;2| in (3-4), 
we have 



/ 4|A:2p 4|A;2|2 , 2|A;i||A:2 



+ 



|A;i||A;2| \S{kifS{ki,k2) S{kifS{k2) S{ki)S{k2)S{ki,k2 



2(27r) 



1 M 



IC{ri,r2) 



2rir2 



2rir2 \ 
~W2)) ^ S{r,)£{r2) 



/C(ri,r2) . (3.20) 
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In [9, Lemma 4.2 (1) ] it is shown that for the second integrand of (3.20), 

r-A M 2rir2 



Zrir2 



(3.21) 



'^(ri)^(r2) 

where and hereafter, C denotes a non-zero constant which may be different from hne to 
hne. We decompose the integral region X = {(ri,r2)|l < ri,r2 < A} into three regions: 

I = {(ri,r2)eJ|A-i<ri/r2<A}, 

111 = {(ri,r2) e J|ri/r2 < A-i}, 

112 = {(ri,r2) eX|A<ri/r2}, 

where A > 3 is a fixed positive constant. By l/S{r) < and (3.19),we have 

1 



4r| 



£(ri)2 , 

and by /C(ri, r2) < Clog(ri + r2 + 1), 



< C- 



rir2 



(ri,r2) e III, 



4ri 



<C(-flog 



.2 
4 



ri(H-- + ^) 
ri ri 



+ (ri,r2)eIl2Ul. 



Thus 



/ dridr2 
Jill 

j^dridr2 



f/C(ri, r2) - < C r dr2 T^' rfri^ < C[log A]^, (3.22) 



'21 — r 



+ l)<C[logA]^ 
^1 



(3.23) 



and 



/ dridr2 



< c 



(3.24) 

Hence (3.9) follows from (3. 21), (3. 22), (3.23) and (3.24). In the similar way as that of £q, 
we can prove (3.10). It is immediate to see that < £^3 is bounded from above by 

1 r A\h\%2? ^k,\%2? 2M>\k2ni - {hM?){kM)\ 



1 

16 
< 



|A;i||A;2| \£{k^n{h,k2) £{k^n{k2) 



A 



8(27r)4 7i A 



4^2 



dridr2 



A:^(ri,r2) 



2rir2 \ 



£{k^)£{k2)£{kuk2f 
8rir2/C(ri,r2) > 



(3.25) 
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where — /C(ri,r2) > should be noted. For the second integrand of (3.25) it can be seen 
in the similar manner as [9, Lemma 4.2 (4)] that 



A f-A 



1 Jl 



dridr2rir2 /C(ri,r2) 



Note that 



_ 2nr2\ 



< 4 



Then 



_ 2rir2\ 
S{r2)l 



_ 2rir2\ 
S{r2)) 



<C[logA]^ 



(3.27) 



follows from (3.22), (3.23) and (3.24). Hence (3.10) follows from (3.26) and (3.27). □ 



3.5.2 Proof of Lemma 3.4 

Proof: Let us decompose £i as £i — En + £^42, where 



1 


4|A;inA;2 


2 


l^ll 


^2 





•'42 



= -— /dk— 

16 i \ki 



1 (-2|A;i|2|A;2p(l - {k-,, k^f ) + {a{k,, k2))E) \ki 



\\k2 



We have the inequality 



£42! < — I dk 



1 / 6|A-inA-2|- 



£{ki)^£{k2)£{ki,k2 



1 (4^)(2-) f\r.dr2^(^-^^^ 



167 \ki\\k2\\£{kif£{k2)£{ki,k2)J 16 (27r)6 A A 
Here we used the inequality |(cr(A;i, A;2))e| < 4|A;ip|A;2p. It is seen that 

K.{ri,r2) 



nA 



<C[logA]^ 



(3.28) 



We shall estimate £^41. We have 

^ 1 (47r)(27r^ rA M 



-41 



16 (27r)« 



dridr2-^rj^^lC{ri,r2). 



'£{riy 



Since 



2^2 



Mn,r2) <C^log{n + r2 + l), 
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we have 



Moreover 



we have 



/ dridr2^r7^1C{ri,r2) <oo. (3.29) 



/C(ri,r2) <C-, (ri,r2) elli, 

'^2 



/ dndr2^r7^)C{n,r2)<C dr^ dn^<CK\ (3.30) 

Jill ^l^lj *^ 1 ^1 

Hence by (3.28), (3.29) and (3.30), 

£^ < CA^ (3.31) 

follows. In the region IIi it follows that 

4--c(^)'</C(ri,r2). (3.32) 
r2 Vr2/ 

Since 2/3 < r'^ /£{r) < 2, we see together with (3.32) that 



t[r\f yr2 Vr2/ J ri 

Then we have 

/ dTrdr2^^^1C{T^,T2) > C Tdn r (ir2 f !| - C(A^ - A), 

iiii o{ri)^ Ji Jxri \ri rlj 

which implies that 

CA^ < E^. (3.33) 
Hence the lemma follows from (3.31) and (3.33). □ 

4 Conclusion and Discussion 

We have shown that the second order a2(A/m) of rries/m — Z^^o ^n(-^/^)e^" diverges 
like — (A/m)^, which seems not to be renormalized by the conventional renormalization 
scheme of the field theory. The traditional power counting theorem means that this 
quantity diverges hke [log(A/m)]^ at most. However, in the present case, the integrands 
are not symmetric in momenta ki, contrary to the case of the covariant perturbation 
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theory. This seems to be a reason why the conventional power counting theorem does not 
hold. 

As was discussed in [1], the Pauli-Fierz model is obtained from the Maxwell- Dirac 

Hamiltonian 

3 

HBM = ^Mp-eA)^ + (3m + V + Hi, (4.1) 

where y is a suitable scalar potential, and {ai,a2,Oi3, (3) are 4x4 symmetric matrices 
satisfying anti-commutation relations. This Hamiltonian is self-adjoint if suitable cutoffs 
are introduced. To get the scahng limit, we let k > be the speed of light, and define 

^DM = « E - eA^"^)i^ + i^^f^rn - + Vo,. + i/f, (4.2) 

where —K^m is introduced to ensure the ground state energy is zero except for negative 
energies of Dirac's sea of positrons. Moreover suitable cutoffs depending on k are intro- 
duced into Afj, and Vo so that A^^") turns out to be bounded as ||^^'^^|| < K{k,), which is 
achieved by truncating the spectrum of and |Vo| more than K{k). Then it is proven 
that the scaling hmit of i?DM converges to the Pauh-Fierz Hamiltonian with spin 1/2 
in the strong resolvent sense. So it is not clear to what extent the original properties 
of the model are kept in this limit. Though it is not yet proven and this Hamiltonian 
may not have a ground state as the quantum field model of we expect that i/oM is 
renormalizable since the Feynman diagrams appearing in this model are a subset of QED 
in which no fermion-loop diagrams appear. These arguments will lead us to ask a number 
of questions: 

(1) Is the so-called covariant renormalization method in QED directly related to the 
renormalization of the Hamiltonian? 

(2) Renormafizability of QED seems to be ensured by an indefinite metric. Does the 
introduction of the indefinite metric [10] cures the renormafizability of the Pauli- 
Fierz model ? 

(3) Is the model (4.1) renormalizable ? 
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Grant-in- Aid for Science Research (C) 15540222 from MEXT and F. H. thanks Grant-in-Aid for Science 
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Research (C) 15540191 from MEXT. A part of the calculation was done while K.R.I, was staying in 
Max-Planck- Inst. Physik (2004, August). K.R.I, thanks Prof. E. Seller for the kind hospitality extended 
to him. 

A Sketch of the Calculations of Lemma 3.1 

To estimate S = ($(^), we represent and ai?^ in terms of a*(/c, £)e^(/c, £) 
and a'^{k,i)[a ■ {ik x e(A;,£))], and use the pull-through formulae 

a{k,t){]^P^ + H,)-^ = {l{P, + k)^ + uik) + Hi)-'a{k,i), 
a{k,i)Pi^ = iPi^ + k^)a{k,i) 

and canonical commutation relations: 

[a{ki,ii), a*{k2, 4)] = S{ki - k2)Se^^e^. 

The terms containing no aB have been estimated in [9]. The terms containing two aB 
consist of two A^'s, two crS's and or two or four Pf's. Let ki, e{ki,£i), i — 1,2, be two 
independent momenta and polarizations vectors of photons. Then using (3.1)-(3.3), we 
have the following factors P{ki) coming from the polarization vectors Cj = e{ki,£i), the 
Pauli-spin matrices a ■ {k^ x Cj), and ki coming from Pf. 

J2 W ■ {kix ei)f (62,62) = A\ki\'^ 
(■1/2=1,2 

[<y-{ki X ei)][(7(A;2 x 62)1(61,62) = 2{ki,k2)+ia •(•••) 

(^1 X ei)][a(A;2 x e2)](A;2, ei)(A;i, 62) = -(A;i,A;2)(l - {h,k2f)+ia •(•••) 

£1,^2=1,2 

The sum of the contributions from icr(- • •) is zero. We have SP{ki, k2)S'^{ki)S^{k2) in the 
denominator coming from = Hq^ where p + q + r > 3 is equal to the number of 
Hq^. Let q' and r' be the numbers of aB and Pf. Then p + q + r — (q' + r') /2 — 3 and 
q' — 0,2,4:, and we see that £ is represented as sum of the following integrals: 
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where P{ki) is a polynomial of ki of degree q' + r'. We estimate (1.1). Changing variables 
{ki, k-i) in (1.1) to the polar coordinate stated in the proofs of Lemmas 3.4 and 3.5, and 

integrating with respect to < 0, 02 < 27r and < ^^2 < tt, we have dki = Airrfdri and 
dk2 = lurl sin9dr2d6 so that {ki, ^2) = rir2 cos^^, = \ki\. Then we see that the integral 
over < 9 < TT takes one of the following forms: 



/■TT 

Jo 



(7^ + rir2 cos 6I)p 
cos 

{TI + rir2 cos 9)p 

1 - cos^ ^ 
(JZ + rir2 COS 9)p 
^ {1- cos^ 6^) cos 61 
(7?. + rir2 cos6')^' 



rir2 sin 9d9, 
rir2 sin ^d^, 

rir2 sin 9d9, 

rir2 sin 



where we recall TZ— \{r\ + r|) + ri + r2. Then we have 



/Ci,p(ri,r2) 



/C2,p(ri,r2) 



log- 



p - 1 V£ 



p-1 



p = 1 



p > 1 



+ 



(rir2)^ 



X < 



^4 



-£+8- log ^ + 27erir2 



^4 



27eiog^ -4rir2 

■27^rlr2 , 

log — 

8+8- ^ 8- 



p — 1 
p = 2 
p = 3 



/Ci,p(ri,r2) 



/C2,3(n,r2) 



X < 



rir2 



(rir2)^ 



2rir2 - T^log^ 



1 

2r^r 



p=l 



3^3 



37^1og^^ 6rir2 - ^ ^ 



38 



A SKETCH OF THE CALCULATIONS OF LEMMA 3.1 



where £± — TZ± rir2- They have the following Taylor expansions hy — rir2/TZ: 

( oo 2 



^2,p(ri,r2) 



2n+l 



„=0 

-2 1 °° 



- 1 7^f-l 2n + 1 ' ^ ^ 



3 3^ ^2 ^2n+ 1 



2 oo . 



2n-l 



l7^\tlV 2n+l 



-2n-l 



p = 2 
p = 3 



E 



; 2n + 1 



2n 



2 °° 1 

_±y(i L 



^2,3(^^1, ?^2) 



Q 00 



n=2 



2n + l 



c 



2(n-l) 



Note that 



C = 7 T^^. TT-^ = 2x - (4 + -)x^ + O(x^) 



X = ri/r2- Since /C > (resp. /C < 0) are odd (rcsp. even) in C,, the first terms are enough. 
We decompose [1, A/m] x [1, A/m] into the symmetric region I and the asymmetric regions 
III and II2 and we use the Taylor expansion in the regions IIi and II2. Then the following 
integrals are fundamental and left to the reader as an exercise: 

1 



-dridr2 ~ \J A/m, 



[l,A/m]x[l,A/m] TZ — rir2 

f -^]CiA&i,r2)dridr2 ~ log(A/m) 

J[l,A/m]x[l,A/m] rir2 

as A — > 00. Thus the remaining integrals with two aB are done following the methods de- 
scribed in Section 3.5. The terms with four crS's, i.e., ($^g), ifs^l'g))^ and ($^g), ifi^^g))-^ 
are similarly estimated. 
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